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Adaptive machines have the potential to assist or interfere with human behavior in a range5

of contexts, from cognitive decision-making1,2 to physical device assistance.3–5 Therefore6

it is critical to understand how machine learning algorithms can influence human actions,7

particularly in situations where machine goals are misaligned with those of people.6 Since8

humans continually adapt to their environment using a combination of explicit and im-9

plicit strategies,7,8 when the environment contains an adaptive machine, the human and10

machine play a game.9,10 Game theory is an established framework for modeling interac-11

tions between two or more decision-makers that has been applied extensively in economic12

markets11 and machine algorithms.12 However, existing approaches make assumptions13

about, rather than empirically test, how adaptation by individual humans is affected by14

interaction with an adaptive machine.13,14 Here we tested learning algorithms for machines15

playing general-sum games with human subjects. Our algorithms enable the machine to16

select the outcome of the co-adaptive interaction from a constellation of game-theoretic17

equilibria in action and policy spaces. Importantly, the machine learning algorithms work18

directly from observations of human actions without solving an inverse problem to esti-19

mate the human’s utility function as in prior work.15,16 Surprisingly, one algorithm can20

steer the human-machine interaction to the machine’s optimum, effectively controlling the21

human’s actions even while the human responds optimally to their perceived cost land-22

scape. Our results show that game theory can be used to predict and design outcomes of23

co-adaptive interactions between intelligent humans and machines.24
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We studied games played between humans H and machines M . The games were defined25

by quadratic functions that mapped scalar actions of each human h and machine m to costs26

cH(h, m) and cM(h, m). Games were played continuously in time over a sequence of trials,27

and the machine adapted within or between trials. Human actions h were determined from28

a manual input device (mouse or touchscreen) as in Figure 1a, while machine actions m were29

determined algorithmically from the machine’s cost function cM and the human’s action h30

as in Figure 1b. The human’s cost cH(h, m) was continuously shown to the human subjects31

via the height of a rectangle on a computer display as in Figure 1a, which the subject was32

instructed to “make as small as possible”, while the machine’s actions were hidden.33

Game-theoretic equilibria34

The experiments reported here were based on a game that is general-sum, meaning that35

the cost functions prescribed to the human and machine were neither aligned nor opposed.36

There is no single “solution” concept for general-sum games – unlike pure optimization37

problems, players do not get to choose all decision variables that determine their cost. Al-38

though each player seeks its own preferred outcome, the game outcome will generally repre-39

sent a compromise between players’ conflicting goals. We considered Nash,17 Stackelberg,18
40

consistent conjectural variations,19 and reverse Stackelberg20 equilibria of the game (Defi-41

nitions 4.1, 4.6, 4.9, 7.1 in10 respectively), in addition to each player’s global optimum, as42

possible outcomes in the experiments. Formal definitions of these game-theoretic concepts43

are provided in Section S1 of the Supplement, but we provide plain-language descriptions44

in the next paragraph. Table 1 contains expressions for the cost functions that defined the45

game considered here as well as numerical values of the resulting game-theoretic equilibria.46

Nash equilibria17 arise in games with simultaneous play, and constitute points in the47

joint action space from which neither player is incentivized to deviate (see Section 4.2 in10).48

In games with ordered play where one player (the leader) chooses its action assuming the49

other (the follower) will play using its best response, a Stackelberg equilibrium18 may arise50
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instead. The leader in this case employs a conjecture about the follower’s policy, i.e. a51

function from the leader’s actions to the follower’s actions, and this conjecture is consistent52

with how the follower plays the game (Section 4.5 in10); the leader’s conjecture can be53

regarded as an internal model13,21,22 for the follower. Shifting from Nash to Stackelberg54

equilibria in our quadratic setting is generally in favor of the leader whose cost decreases. Of55

course, the follower may then form a conjecture of its own about the leader’s play, and the56

players may iteratively update their policies and conjectures in response to their opponent’s57

play. In the game we consider, this iteration converges to a consistent conjectural variations58

equilibrium19 defined in terms of actions and conjectures: each player’s conjecture is equal59

to their opponent’s policy, and each player’s policy is optimal with respect to its conjecture60

about the opponent (Section 7.1 in10). Finally, if one player realizes how their choice of61

policy influences the other, they can design an incentive to steer the game to their preferred62

outcome, termed a reverse Stackelberg equilibrium20 (Section 7.4.4 in10).63

Experimental results64

We conducted three experiments with different populations of human subjects using a pair of65

quadratic cost functions cH , cM illustrated in Figure 1a,b that were designed to yield distinct66

game-theoretic equilibria in both action and policy spaces. These analytically-determined67

equilibria were compared with the empirical distributions of actions and policies reached by68

humans and machines over a sequence of trials in each experiment. In all three experiments,69

we found that empirically-measured actions or policies converged to their predicted game-70

theoretic values.71

In our first experiment (Figure 1), the machine adapted its action within trials using72

what is arguably the simplest optimization scheme: gradient descent.23,24 We tested seven73

adaptation rates α ≥ 0 for the gradient descent algorithm as illustrated in Figure 1c,d,e for74

each human subject, with two repetitions for each rate and the sequence of rates occurring75

in random order. We found that distributions of median action vectors for the population76
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Figure 1: Gradient descent in action space (Experiment 1, n = 20). (a) Each human subject H is instructed to provide manual
input h to make a black bar on a computer display as small as possible. The bar’s height represents the value of a prescribed cost
cH . (b) The machine M has its own cost cM chosen to yield game-theoretic equilibria that are distinct from each other and from
each player’s global optima. The machine knows its cost and observes human actions h. In this experiment, the machine updates its
action by gradient descent on its cost 1

2 m2 − hm + h2 with adaptation rate α. (c) Median joint actions for each machine adaptation
rate α overlaid on game-theoretic equilibria and best-response (BR) curves that define the Nash and Stackelberg equilibria (NE and
SE, respectively). (d) Action distributions for each machine adaptation rate displayed by box-and-whiskers plots showing 5th, 25th,
50th, 75th, and 95th percentiles. Statistical significance (∗) determined by comparing to NE (shown below distributions) and SE
(shown above distributions) using two-sided t-tests (∗P ≤ 0.05). (e) Cost distributions for each machine adaptation rate displayed
using box plots with error bars showing 25th, 50th, and 75th percentiles. (f,g) One- and two-dimensional histograms of actions for
different adaptation rates (α ∈ {0,0.003} in (f), α ∈ {0.3, 1} in (g)) with game-theoretic equilibria overlaid (NE in (f), SE in (g)).

of n = 20 human subjects in this experiment shifted from the Nash equilibrium (NE) at77

the slowest adaptation rate to the human-led Stackelberg equilibrium (SE) at the fastest78

adaptation rate (Figure 1c). Importantly, this result would not have obtained if the human79

was also adapting its action using gradient descent, as merely changing adaptation rates in80

simultaneous gradient play does not change stationary points.24 The shift we observed from81

Nash to Stackelberg, which was in favor of the human (Figure 1e), was statistically significant82

in that the distribution of actions was distinct from SE but not NE at the slowest adaptation83

rate and vice-versa for the fastest rate (Figure 1d; ∗P ≤ 0.05; two-sided t-tests, degrees of84

freedom (df) 19; exact statistics in Table S1). Discovering that the human’s empirical play85

is consistent with the theoretically-predicted best-response function for its prescribed cost is86

important, as this insight motivated us in subsequent experiments to elevate the machine’s87

play beyond the action space to reason over its space of policies, that is, functions from88

human actions to machine actions.89

In our second experiment (Figure 2), the machine played affine policies (i.e. m was90
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Figure 2: Conjectural variation in policy space (Experiment 2, n = 20). Experimental setup and costs are the same as Figure 1a,b
except that the machine uses a different adaptation algorithm: in this experiment M iteratively implements and updates affine policies
m = LM h, m = LM + δ to measure and best-respond to conjectures of the human’s policy. (a) Median actions, conjectures, and
policies for each conjectural variation iteration k overlaid on game-theoretic equilibria corresponding to best-responses (BR) at initial
and limiting iterations (BR0 and BR∞, respectively) predicted from Stackelberg and Consistent Conjectural Variations equilibria of
the game (SE and CCVE), respectively. (b) Action distributions for each iteration displayed by box-and-whiskers plots as in Figure 1d,
with statistical significance (∗) analogously determined using the same tests by comparing to SE (shown below distributions) and
CCVE (above). (c) Policy slope distributions for each iteration displayed with the same conventions as (b); note that the sign of
the top y-axis is reversed for consistency with other plots. Statistical significance (∗) determined as in (b) by comparing to initial
(shown below distributions) and limiting (above) best-responses using two-sided t-tests (∗P ≤ 0.05). (d) Cost distributions for each
iteration displayed using box-and-whiskers plots as in Figure 1e. (e,f) One- and two-dimensional histograms of actions for different
iterations (k = 0 in (e), k = 9 in (f)) with policies and game-theoretic equilibria overlaid (SE and BR0 in (e), CCVE and BR∞ in
(f)). (g) Error between measured and theoretically-predicted machine conjectures about human policies at each iteration displayed
as box-and-whiskers plots as in (b,c).

determined as an affine function of h) and adapted its policies by observing the human’s91

response. Trials came in pairs, with the machine’s policy in each pair differing only in92

the constant term. After each pair of trials, the machine used the median action vectors93

from the pair to estimate a conjecture19,25 (or internal model13,21,22) about the human’s94

policy, and the machine’s policy was updated to be optimal with respect to this conjecture.95

Unsurprisingly, the human adapted its own policy in response. Iterating this process shifted96

the distribution of median action vectors for a population of n = 20 human subjects (distinct97

from the population in the first experiment) from the human-led Stackelberg equilibrium98

(SE) toward a consistent conjectural variations equilibrium (CCVE) in action and policy99

spaces (Figure 2a). The shift we observed away from SE toward CCVE from the first100

to last iteration was statistically significant in policy space (Figure 2c; ∗P ≤ 0.05; two-101
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Figure 3: Gradient descent in policy space (Experiment 3, n = 20). Experimental setup and costs are the same as Figure 1a,b
except that the machine uses a different adaptation algorithm: in this experiment, M iteratively implements linear policies m = LM h,
m = (LM + ∆)h to measure the gradient of its cost with respect to its policy slope parameter LM and updates this parameter to
descend its cost landscape. (a) Median actions and policies for each policy gradient iteration k overlaid on game-theoretic equilibria
corresponding to machine best-responses (BR) at initial and limiting iterations (BR0 and BR∞, respectively) predicted from the
Stackelberg equilibrium (SE) and the machine’s global optimum (RSE), respectively. (b) Action distributions for each iteration
displayed by box-and-whiskers plots as in Figure 1d, with statistical significance (∗) analogously determined using the same tests by
comparing to SE (shown above distributions) and M ’s optimum (shown below distributions) using two-sided t-tests (∗P ≤ 0.05);
(c) Policy slope distributions for each iteration displayed with the same conventions as (b); note that the sign of the top subplot’s
y-axis is reversed for consistency with other plots. Statistical significance (∗) determined as in (b) by comparing to SE (shown
above distributions) and RSE (below) using two-sided t-tests (∗P ≤ 0.05). (d) Cost distributions for each iteration displayed using
box-and-whiskers plots as in Figures 1e and 2d. (e,f) One- and two-dimensional histograms of actions for different iterations (k = 0
in (e), k = 9 in (f)) with policies and game-theoretic equilibria overlaid (SE in (e), RSE in (f)). (g) Error between measured and
theoretically-predicted policy slopes at each iteration displayed as box-and-whiskers plots as in (b,c).

sided t-tests, degrees of freedom (df) 19; exact statistics in Table S1) but not action space102

(Figure 2b; ∗P ≤ 0.05; two-sided t-tests, df 19; exact statistics in Table S1). This shift103

was in favor of the human at the machine’s expense (Figure 2d). The machines’ empirical104

conjectures were not significantly different from theoretical predictions of human policies105

at all conjectural variation iterations (Figure 2g; P > 0.05; two-sided t-tests, df 19; exact106

statistics in Table S1), suggesting that both humans and machines estimated consistent107

conjectures of their opponent.108

In our third experiment (Figure 3), the machine adapted its affine policy using a policy109

gradient strategy.24 Trials again came in pairs, with the machine’s policy in each pair dif-110

fering this time only in the linear term. After a pair of trials, the median costs of the trials111

were used to estimate the gradient of the machine’s cost with respect to the linear term in its112
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policy, and the linear term was adjusted in the direction opposing the gradient to decrease113

the cost. Iterating this process shifted the distribution of median action vectors for a popula-114

tion of human subjects (distinct from the populations in the first two experiments) from the115

human-led Stackelberg equilibrium (SE) toward the machine’s global optimum (Figure 3a),116

which can also be regarded as a reverse Stackelberg equilibrium20 (RSE), this time optimizing117

the machine’s cost at the human’s expense (Figure 3d). The shift we observed away from SE118

toward RSE from the first to last iterations was statistically significant in action space (Fig-119

ure 3b; ∗P ≤ 0.05; two-sided t-tests, df 19; exact statistics in Table S1) while the final policy120

distribution was significantly different from both SE and RSE policies (Figure 3c; ∗P ≤ 0.05;121

two-sided t-tests, df 19; exact statistics in Table S1). However, the machines’ empirical pol-122

icy gradients were not significantly different from theoretically-predicted values (Figure 3g;123

P > 0.05; two-sided t-tests, df 19; exact statistics in Table S1), and the final distribution of124

machine costs were not significantly different from the optimal value (Figure 3d; P > 0.05;125

one-sided t-tests, df 19; exact statistics in Table S1), suggesting that the machine can accu-126

rately estimate its policy gradient and minimize its cost. In essence, the machine elevated its127

play by reasoning in the space of policies to steer the game outcome in this experiment to the128

point it desires in the joint action space. We report results from variations of this experiment129

with different initializations and machine optima in Extended Data (Sections B.1, B.2).130

Discussion131

When the machine played any policy in our experiments (i.e. when the machine’s action m132

was determined as a function of the human’s action h), it effectively imposed a constraint133

on the human’s optimization problem. The policy could arise indirectly, as in the first134

experiment where the machine descended the gradient of its cost at a fast rate, or be employed135

directly, as in the second and third experiments. In all three experiments, the empirical136

distributions of human actions or policies were consistent with the analytical solution of the137

human’s constrained optimization problem for each machine policy (Figure 1d; Figure 2b,c;138
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Figure 3b,c). This finding is significant because it shows that optimality of human behavior139

was robust with respect to the cost we prescribed and the constraints the machine imposed,140

indicating our results may generalize to other settings where people (approximately) optimize141

their own utility function. We report results from variations of all three experiments with142

non-quadratic cost functions in the Supplement (Section B.3).143

There is an exciting prospect for adaptive machines to assist humans in work and activ-144

ities of daily living as tele- or co-robots,13 interfaces between computers and the brain or145

body,26,27 and devices like exoskeletons or prosthetics.3–5 But designing adaptive algorithms146

that play well with humans – who are constantly learning from and adapting to their world147

– remains an open problem in robotics, neuroengineering, and machine learning.13,26,28 We148

validated game-theoretic methods for machines to provide assistance by shaping outcomes149

during co-adaptive interactions with human partners. Importantly, our methods do not en-150

tail solving an inverse optimization problem15,16 – rather than estimating the human’s cost151

function, our machines learn directly from human actions. This feature may be valuable152

in the context of the emerging body-/human-in-the-loop optimization paradigm for assistive153

devices,3–5 where the machine’s cost is deliberately chosen with deference to the human’s154

metabolic energy consumption29 or other preferences.30
155

Our results demonstrate the power of machines in co-adaptive interactions played with156

human opponents. Although humans responded rationally at one level by choosing optimal157

actions in each experiment, the machine was able to “outsmart” its opponents over the course158

of the three experiments by playing higher-level games in the space of policies. This machine159

advantage could be mitigated if the human rises to the same level of reasoning, but the160

machine could then go higher still, theoretically leading to a well-known infinite regress.31
161

We did not observe this regress in practice, possibly due to bounds on the computational162

resources available to our human subjects as well as our machines.32
163
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Conclusion164

As machine algorithms permeate more aspects of daily life, it is important to understand the165

influence they can exert on humans to prevent undesirable behavior, ensure accountability,166

and maximize benefit to individuals and society.6,33 Although the capabilities of humans and167

machines alike are constrained by the resources available to them, there are well-known limits168

on human rationality34 whereas machines benefit from sustained increases in computational169

resources, training data, and algorithmic innovation.35,36 Here we showed that machines170

can unilaterally change their learning strategy to select from a wide range of theoretically-171

predicted outcomes in co-adaptation games played with human subjects. Thus machine172

learning algorithms may have the power to aid human partners, for instance by supporting173

decision-making or providing assistance when someone’s movement is impaired. But when174

machine goals are misaligned with those of people, it may be necessary to impose limitations175

on algorithms to ensure the safety, autonomy, and well-being of people.176
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Cost functions and game-theoretic equilibria
H’s cost function M ’s cost function

cH (h, m) = 1
2 h2 + 7

30 m2 − 1
3 hm + 2

15 h − 22
75 m + 12

125 cM (h, m) = 1
2 m2 + h2 − hm

game-theoretic equilibria H’s and M ’s actions H’s and M ’s policy slopes

H’s optimum (h∗
H , m∗

H ) = (+0.1, +0.7)

M ’s optimum (h∗
M , m∗

M ) = (0, 0)

Nash equilibrium (hNE, mNE) = (−0.2, −0.2)

human-led Stackelberg equilibrium (hSE, mSE) = (+0.2, +0.2) LSE
H = −0.2, LSE

M = 1

consistent conjectural variations equilibrium (hCCVE, mCCVE) ≈ (0.276, 0.373) LCCVE
H ≈ −0.54, LCCVE

M ≈ +1.35

machine-led reverse Stackelberg equilibrium (hRSE, mRSE) = (0, 0) LRSE
H = 1/7, LRSE

M = 5/11

(equal to M ’s optimum)

Table 1: Cost functions and game-theoretic equilibria of the game studied in Experiments 1, 2, and 3. The Supplement details
how the costs were chosen: Section S2 describes the general approach, and Section S2.7 specializes to the game studied here.

Methods257

Experimental protocol. Human subjects were recruited using an online crowd-sourcing re-258

search platform Prolific.38 Experiments were conducted using procedures approved by the259

University of Washington Institutional Review Board (UW IRB STUDY00013524). Partici-260

pant data were collected on a secure web server. Each experiment consisted of a sequence of261

trials: 14 trials in the first experiment, 20 trials in the second and third experiments. During262

each trial, participants used a web browser to view a graphical interface and provide manual263

input from a mouse or touchscreen to continually determine the value of a scalar action264

h ∈ R. This cursor input was scaled to the width of the participant’s web browser window265

such that h = −1 corresponded to the left edge and h = +1 corresponded to the right edge.266

Data were collected at 60 samples per second for a duration of 40 seconds per trial in the first267

experiment and 20 seconds per trial in the second and third experiments. Human subjects268

were selected from the “standard sample” study distribution from all countries available on269

Prolific. Each subject participated in only one of the three experiments. No other screening270

criteria were applied.271

At the beginning of each experiment, an introduction screen was presented to participants272
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with the task description and user instructions. At the beginning of each trial, participants273

were instructed to move the cursor to a randomly-determined position. This procedure274

was used to introduce randomness in the experiment initialization and to assess participant275

attention. Throughout each trial, a rectangle’s height displayed the current value of the276

human’s cost cH(h, m) and participant was instructed to “keep this [rectangle] as small as277

possible” by choosing an action h ∈ R while the machine updated its action m ∈ R. A278

square root function was applied to cost values to make it easier for participants to perceive279

small differences in low cost values. After a fixed duration, one trial ended and the next280

trial began. Participants were offered the opportunity to take a rest break for half a minute281

between every three trials. The experiment ended after a fixed number of trials. Afterward,282

the participant filled out a task load survey39 and optional feedback form. Each experiment283

lasted approximately 10–14 minutes and the participants received a fixed compensation of $2284

USD (all data was collected in 2020). A video illustrating the first three trials of Experiment285

1 is provided as Movie S1. The user interface presented to human subjects was identical286

in all experiments. However, the machine adapted its action and policy throughout each287

experiment, and the adaptation algorithm differed in each experiment.288

Cost functions. In Experiments 1, 2, and 3, participants were prescribed the quadratic cost289

function290

cH(h, m) = 1
2h2 + 7

30m2 − 1
3hm + 2

15h− 22
75m + 12

125 ; (1)

the machine optimized the quadratic cost function291

cM(h, m) = 1
2m2 + h2 − hm. (2)

These costs were designed such that the players’ optima and the constellation of relevant292

game-theoretic equilibria were distinct positions as listed in the Table 1. During each trial293

of an experiment, the time series of actions from the trials were recorded as human actions294

h0, . . . , ht, . . . , hT and machine actions m0, . . . , mt, . . . , mT , for a fixed number of samples295
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T . At time t, the players experienced costs cH(ht, mt) and cM(ht, mt). See Supplement Sec-296

tion S1 for formal definitions of the relevant game-theoretic equilibria and Supplement Sec-297

tion S2 for how the parameters for the costs were chosen.298

Experiment 1: gradient descent in action space. In the first experiment, the machine299

adapted its action using gradient descent,300

m+ = m− α ∂mcM(h, m), (3)

with one of seven different choices of adaptation rate α ∈ {0, 0.003, 0.01, 0.03, 0.1, 0.3, 1}. At301

the slowest adaptation rate α = 0, the machine implemented the constant policy m = −0.2,302

which is the machine’s component of the game’s Nash equilibrium. At the fastest adaptation303

rate α = 1, the gradient descent iterations in (3) are such that the machine implements the304

linear policy m = h. Each condition was experienced twice by each human subject, once per305

symmetry (described in the next paragraph), in randomized order.306

To help prevent human subjects from memorizing the location of game equilibria, at the307

beginning of each trial a variable s was chosen uniformly at random from {−1, +1} and308

the map h 7→ s h was applied to the human subject’s manual input for the duration of the309

trial. When the variable’s value was s = −1, this had the effect of applying a “mirror”310

symmetry to the input. The joint action was initialized uniformly at random in the square311

[−0.4, +0.4]× [−0.4, +0.4] ⊂ R2. Each trial lasted 40 seconds.312

Experiment 2: conjectural variation in policy space. In the second experiment, the ma-313

chine adapted its policy by estimating a conjecture about the human’s policy. To collect314

the data that was used to form its estimate, the machine played an affine policy in two315

consecutive trials that differed solely in the constant term,316

nominal policy m = LMh, (4a)

perturbed policy m′ = LMh′ + δ. (4b)
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The machine used the median action vectors (h̃, m̃), (h̃′, m̃′) from the pair of trials to estimate317

a conjecture about the human’s policy using a ratio of differences,318

L̃H = h̃′ − h̃

m̃′ − m̃
, (5)

which is shown to be an estimate of the variation of the human’s action in response to machine319

action in Proposition 4 of Supplement Section S3.2. The machine used this estimate of the320

human’s policy to update its policy as321

L+
M = 1− 2L̃H

1− L̃H

, (6a)

which is shown to be the machine’s best-response given its conjecture about the human’s322

policy in Supplement Section S3. In the next pair of trials, the machine employs m =323

L+
Mh + ℓ+

M as its policy. This conjectural variation process was iterated 10 times starting324

from the initial conjecture L̃H = 0, which yields the initial best-response policy m = h.325

In this experiment, the machine’s policy slopes LM ,0, LM ,1, . . . , LM ,k, . . . , LM ,K−1 and the326

machine’s conjectures about the human’s policy slopes L̃H,0, L̃H,1, . . . , L̃H,k, . . . , L̃H,K−1 were327

recorded for each conjectural variation iteration k ∈ {0, . . . , K − 1} where K = 10 iterations.328

In addition, the time series of actions within each trial as in the first experiment, with each329

trial now lasting only 20 seconds, yielding T = 1200 samples used to compute the median330

action vectors used in (5).331

Experiment 3: gradient descent in policy space. In the third experiment, the machine332

adapted its policy using a policy gradient strategy by playing an affine policy in two consec-333

utive trials that differed only in the linear term,334

nominal policy m = LMh, (7a)

perturbed policy m′ = (LM + ∆)h′. (7b)

The machine used the median action vectors (h̃, m̃), (h̃′, m̃′) from the pair of trials to estimate335

the gradient of the machine’s cost with respect to the linear term in its policy, and this linear336
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term was adjusted to decrease the cost. Specifically, an auxiliary cost was defined as337

c̃M(LM) := cM (h, LM(h− h∗
M) + m∗

M) , (8)

and the pair of trials were used to obtain a finite-difference estimate of the gradient of the338

machine’s cost with respect to the slope of the machine’s policy,339

∂LM
c̃M(LM) ≈ 1

∆
(
c̃M(LM + ∆)− c̃M(LM)

)
. (9)

The machine used this derivative estimate to update the linear term in its policy by descend-340

ing its cost gradient,341

L+
M = LM − γ ∂LM

c̃M(LM) (10)

where γ is the policy gradient adaptation rate parameter (γ = 2 in this Experiment).342

Statistical analyses. To determine the statistical significance of our results, we use one-343

or two-sided t-tests with threshold P ≤ 0.05 applied to distributions of median data from344

populations of n = 20 subjects. To estimate the effect size, we calculated Cohen’s d by345

subtracting the equilibrium value from the mean of the distribution then dividing that by346

the standard deviation of the distribution.347

Data availability348

All data are publicly available in a Code Ocean capsule, codeocean.com/capsule/6975866.349

Code availability350

The data and analysis scripts needed to reproduce all figures and statistical results reported351

in both the main paper and supplement are publicly available in a Code Ocean capsule,352

codeocean.com/capsule/6975866. The sourcecode used to conduct experiments on the353

Prolific platform are publicly available on GitHub, github.com/dynams/web.354
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S1 Game theory definitions456

We model co-adaptation between humans and machines using game theory.9,10 In this model,

the human H chooses action h ∈ H while the machine M chooses action m ∈M to minimize

their respective cost functions cH , cM : H×M→ R,

min
h

cH(h, m), (11a)

min
m

cM(h, m). (11b)

It is important to note that the optimization problems in (11) are coupled. Since both457

problems must be considered simultaneously, there is no obvious candidate for a “solution”458

concept (in contrast to the case of pure optimization problems, where (local) minimizers of459

the single cost function are the obvious goals). Thus, we designed experiments to study a460

variety of candidate solution concepts that arise naturally in different contexts. We demon-461

strate that Nash, Stackelberg, consistent conjectural variations equilibria, and players’ global462

optima are possible outcomes of the experiments.463

S1.1 Nash and Stackelberg equilibria464

In games with simultaneous play where players do not form conjectures about the others’465

policy, a natural candidate solution concept is the Nash equilibrium (Definition 4.1 in10).466

Definition: The joint action (hNE, mNE) ∈ H×M constitutes a Nash equilibrium (NE) if

hNE = arg min
h

cH(h, mNE), (12a)

mNE = arg min
m

cM(hNE, m). (12b)

In games with ordered play where the leader (e.g. human) has knowledge of how the467

follower (e.g. machine) responds to choosing its own action, a natural candidate solution468

concept is the (human-led) Stackelberg equilibrium (Definition 4.6 in10).469
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Definition: The joint action (hSE, mSE) ∈ H ×M constitutes a (human-led) Stackelberg

equilibrium (SE) if

hSE = arg min
h

{
cH (h, m) | m = arg min

m′
cM(h, m′)

}
, (13a)

mSE = arg min
m

cM(hSE, m). (13b)

The Stackelberg equilibrium is a solution concept that arises when one player (the leader)470

anticipates or models another player’s (the follower’s) best response.471

S1.2 Consistent conjectural variations equilibria472

In repeated games where each player gets to observe the other’s actions and policies, play-473

ers may develop internal models or conjectures for how they expect the other to play. A474

natural candidate solution concept in this case is the consistent conjectural variations equi-475

librium (Definition 4.9 in10).476

For a given pair1 (vCCVE
H , vCCVE

M ) ∈ {M→ H} × {H →M}, denote the unique fixed

points (hCCVE, mCCVE) ∈ H ×M satisfying

hCCVE = vCCVE
H ◦ vCCVE

M (hCCVE), (14a)

mCCVE = vCCVE
M ◦ vCCVE

H (mCCVE). (14b)

Let

∆vCCVE
H (m) = vCCVE

H (m)− vCCVE
H (mCCVE), (15a)

∆vCCVE
M (h) = vCCVE

M (h)− vCCVE
M (hCCVE), (15b)

be the differential reactions of each player under their policies (vCCVE
H , vCCVE

M ) to a deviation477

from the joint action (hCCVE, mCCVE) to (m, h).478

Definition: The joint action (hCCVE, mCCVE) ∈ H × M together with the conjectures

vCCVE
M : H → M, vCCVE

H : M → H constitute a consistent conjectural variations equilib-
1We use the shorthand {A→ B} to denote the set of functions from A to B.
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rium (CCVE) if we have the consistency of actions

hCCVE = arg min
h

{
cH(h, m) | m = vCCVE

M (h)
}

,

mCCVE = arg min
m

{
cM(h, m) | h = vCCVE

H (m)
}

,

and consistency of policies

vCCVE
H (m) = arg min

h
cH(h, m + ∆vCCVE

M (h)),

vCCVE
M (h) = arg min

m
cM(h + ∆vCCVE

H (m), m).

The consistent conjectural variations equilibrium is a solution concept that arises when479

players anticipate each other’s actions and reactions.480

S1.3 Reverse Stackelberg equilibria481

In games where one player (the leader) has the ability to impose a policy before the other

player (the follower) who responds to the policy, the candidate solution concept for this case

is the reverse Stackelberg equilibrium.20,37 The machine acts as the leader in this game, and

announces policy is π : H →M. Assume the human’s best response to machine policy π is

r : (H →M)→ H given by a constrained optimization problem:

r(π) := arg min
h
{cH(h, m) | m = π(h)} .

Definition: The joint action (hRSE, mRSE) ∈ H ×M together with machine policy πRSE :

H →M constitute a reverse Stackelberg equilibrium (RSE) if

πRSE = arg min
π
{cH(h, m) | m = π(h), h = r(π))} , (16a)

hRSE = r(πRSE), (16b)

mRSE = πRSE(hRSE). (16c)

If the reverse Stackelberg problem is incentive-controllable,37 then the reverse Stackelberg482

equilibrium is the machine’s global optimum.483
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S2 Game design484

In this section, the equilibrium points are derived by solving linear equations while enforcing

certain second-order and stability conditions. The general quadratic costs are given by

cH(h, m) = 1
2h⊤AHh + h⊤BHm + 1

2m⊤DHm + b⊤
Hh + d⊤

Hm + aH , (17a)

cM(h, m) = 1
2m⊤AMm + m⊤BMh + 1

2h⊤DMh + b⊤
Mm + d⊤

Mh + aM . (17b)

where actions h ∈ Rp, m ∈ Rq are vectors with p ≥ 1 and q ≥ 1, cost parameters AH ∈485

Rp×p, DH ∈ Rq×q, AM ∈ Rq×q, DM ∈ Rp×p are symmetric matrices, BH ∈ Rp×q, BM ∈ Rq×p
486

are matrices, bH ∈ Rp, dH ∈ Rq, bM ∈ Rp, dM ∈ Rq are vectors and aH ∈ R, aM ∈ R are487

scalars.488

The cost parameters are chosen so that the equilibrium points are located at chosen points489

in the action spaces. Without loss of generality, AH and AM are the identity matrices to set490

the (arbitrary) scale for each player’s cost. Subsequently, aH , aM are determined such that491

the minimum cost values for both players are 0. Finally, and also without loss of generality,492

bM = dM = 0 is determined to center the machine’s cost at the origin in the joint action493

space. The six coefficients that remain to be determined are BH , BM , DH , DM , bH , dH . The494

parameters will determine the location of the equilibrium solutions of the game.495

In the main paper, the action spaces are scalar, i.e. p = q = 1. The parameters were

chosen to be AH = 1, BH = −1/3, DH = 7/15, bH = 2/15, dH = −22/75 for the human

and AM = 1, BM = −1, DM = 2, bM = 0, dM = 0 for the machine. The players’ optima

for this game are
(h∗

H , m∗
H) = (0.1, 0.7),

(h∗
M , m∗

M) = (0, 0),
and the game-theoretic equilibria are

(hNE, mNE) = (−0.2,−0.2),

(hSE, mSE) = (0.2, 0.2),

(hCCVE, mCCVE) ≈ (0.276, 0.373),

(hRSE, mRSE) = (0, 0).
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In the follwoing subsections, the first and second order conditions for the solutions of opti-496

mization problems are written out for the costs cH , cM in (17a) and (17b).497

S2.1 Global optima498

The global optimization problems for the two players are
(h∗

H , m∗
H) = argmin

h,m
cH(h, m),

(h∗
M , m∗

M) = argmin
h,m

cM(h, m)

which have first-order conditions[
AH BH

B⊤
H DH

] [
h∗

H

m∗
H

]
+

[
bH

dH

]
= 0 and

[
DM B⊤

M

BM AM

] [
h∗

M

m∗
M

]
+

[
dM

bM

]
= 0,

and second-order conditions that
[

AH BH

B⊤
H DH

]
and

[
DM B⊤

M
BM AM

]
are positive semi-definite. See499

Proposition 1.1.1 in40 for the formal statement of these conditions.500

S2.2 Nash equilibrium501

The coupled optimization problems for a Nash equilibrium (hNE, mNE) are
hNE = argmin

h
cH(h, mNE),

mNE = argmin
m

cM(hNE, m),

which have first-order conditions[
AH BH

BM AM

] [
hNE

mNE

]
+

[
bH

bM

]
= 0

and second-order conditions AH ≥ 0 and AM ≥ 0. If the Jacobian
[

AH BH

BM AM

]
has eigenvalues502

with positive real parts, then the Nash equilibrium is stable under gradient play.503

See Proposition 1 in41 for necessary conditions for a local Nash equilibrium and for504

the stability result for continuous-time gradient play dynamics ḣ = −∂hcH(h, m), ṁ =505

−∂mcM(h, m). See Proposition 2 in24 for the corresponding discrete-time gradient play dy-506

namics h+ = h − β∂hcH(h, m), m+ = m − α∂McM(h, m) for learning rates α, β > 0 and507

learning rate ratio τ = α/β. As the learning rate ratio τ tends to ∞, the machine’s action508

m adapts at a faster rate than h, which imposes a timescale separation between the two509

players.510
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S2.3 Human-led Stackelberg equilibrium511

The coupled optimization problems for a human-led Stackelberg equilibrium (hSE, mSE) are

hSE = argmin
h

{
cH(h, m′)| m′ = argmin

m
cH(h, m)

}
,

mSE = argmin
m

cM(hSE, m),

which have first-order conditions[
AH + L⊤

M ,0B
⊤
H BH + L⊤

M ,0DH

BM AM

] [
hSE

mSE

]
+

[
bH + L⊤

M ,0dH

bM

]
= 0

with LM ,0 = −A−1
M BM , and second-order conditions AM > 0, AH − BHA−1

M BM > 0. See512

Proposition 4.3 in10 for a quadratic game formulation of the Stackelberg equilibrium, which513

admits only a pure-strategy Stackelberg equilibrium. See Proposition 1 in42 for conditions514

for a local Stackelberg equilibrium.515

S2.4 k-level conjectural variations equilibrium516

The coupled optimization problems for an intermediate conjectural variations equilibrium

where the human maintains a consistent conjecture of the machine are

hCVE
k+1 = argmin

h

{
cH(h, m′)| m′ = LM ,k(h− h∗

M) + m∗
M

}
,

mCVE
k = argmin

m

{
cM(h′, m)| h′ = LH,k−1(m−m∗

H) + h∗
H

}
,

which have first-order optimality conditions[
AH + L⊤

M ,kB⊤
H BH + L⊤

M ,kDH

BM + L⊤
H,k−1DM AM + L⊤

H,k−1B
⊤
M

] [
hCVE

k+1
mCVE

k

]
+

[
bH + L⊤

M ,kdH

bM + L⊤
H,k−1dM

]
= 0

with initial condition LM .0 = −A−1
M BM and iteration

LH,k+1 = −(AH + L⊤
M ,kB⊤

H)−1(BH + L⊤
M ,kDH)

LM ,k = −(AM + L⊤
H,k−1B

⊤
M)−1(BM + L⊤

H,k−1DM)

for k = 0, 1, 2, . . . with and the assumption that AH + BHLM ,k and AM + BMLH,k−1 are517

invertible. See Section S3 for more information about conditions under which this iteration518

converges for the particular parameters of the costs used in the main experiments.519
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S2.5 Consistent conjectural variations equilibrium520

From (Definition 4.9 in10), the coupled optimization problems for the consistent conjectural

variation equilibria are

hCCVE = argmin
h

{
cH(h, m′) | m′ = LCCVE

M (h− h∗
M) + m∗

M

}
mCCVE = argmin

m

{
cM(h′, m) | h′ = LCCVE

H (m−m∗
H) + h∗

M

}
where LCCVE

M , LCCVE
H solves the optimality conditions in the policy space equations from

(Definition 4.10 in10):

AMLCCVE
M + LCCVE

H

⊤
B⊤

MLCCVE
M + LCCVE

H

⊤
DM + BM = 0,

AHLCCVE
H + LCCVE

M

⊤
B⊤

HLCCVE
H + LCCVE

M

⊤
DH + BH = 0.

The first-order optimality conditions in the action space of the coupled optimization problems

are [
AH + LCCVE

M
⊤

B⊤
H BH + LCCVE

M
⊤

DH

BM + LCCVE
H

⊤
DM AM + LCCVE

H
⊤

BM

] [
hCCVE

mCCVE

]
+

[
bH + LCCVE

M
⊤

dH

bM + LCCVE
H

⊤
dM

]
= 0.

Proposition 4.5 in10 states that if a game admits a unique Nash equilibirum, then the Nash521

equilibrium is also a CCVE with the Nash actions as constant policies.522

S2.6 Machine-led reverse Stackelberg equilibrium523

The coupled optimization problems corresponding to a machine-led reverse Stackelberg equi-

librium are given by:

rRSE
H (LM) = argmin

h

{
cH(h, m′) | m′ = LM(h− h∗

M) + m∗
M

}
LRSE

M = argmin
LM

{
cM(rRSE

H (LM), m′) | m′ = LM(rRSE
H (LM)− h∗

M) + m∗
M)

}
where the human forms a consistent conjecture of the machine, and the machine assumes

that the human responds optimally to the machine’s policy slope. The reverse Stackel-

berg equilibrium is (hRSE, mRSE), which by the,43,44 satisfies the same conditions that the

machine’s optimum satisfies, i.e.[
AM BM

B⊤
M DM

] [
hRSE

mRSE

]
+

[
bM

dM

]
= 0
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as well as first-order optimality conditions[
AH + LRSE

M
⊤

B⊤
H BM + LRSE

M
⊤

DH

−LRSE
M I

] [
hRSE

mRSE

]
+

[
bH + LRSE

M
⊤

dH

m∗
M − LRSE

M
⊤

h∗
M

]
= 0

where we need to also guarantee that the Jacobian is stable. The second-order condition is524

AH +BHLRSE
M > 0. See Section III.B in37 for a method to solve reverse Stackelberg problems,525

relying on the property of linear incentive controllability. See44 for an overview of results and526

the computation of optimal policies. See Proposition 1 of45 for existence of optimal affine527

leader policies.528

S2.7 Choosing parameters for a two-player game with single-dimensional529

actions530

Given quadratic costs with scalar actions h ∈ R, m ∈ R,

cH(h, m) = 1
2AHh2 + BHhm + 1

2DHm2 + bHh + dHm + aH ,

cM(h, m) = 1
2AMm2 + BMhm + 1

2DMh2 + bMm + dMh + aM .

Without loss of generality, AH = 1 and AM = 1 to set the scale for each player’s cost. The

parameters expressed in terms of the optima (h∗
H , m∗

H) and (h∗
M , m∗

M) are

aH = 1
2AHh∗

H
2 + BHh∗

Hm∗
H + 1

2DHm∗
H

2, bH = −AHh∗
H −BHm∗

H , dH = −BHh∗
H −DHm∗

H ,

aM = 1
2AMm∗

M
2 + BMh∗

Mm∗
M + 1

2DMh∗
M

2, bM = −AMm∗
M −BMh∗

M , dM = −BMm∗
M −DMh∗

M .

The parameters expressed in terms of the optima and the Nash equilibrium (hNE, mNE) are

BH = − h∗
H − hNE

m∗
H −mNE , BM = −m∗

M −mNE

h∗
M − hNE .

The parameter expressed in terms of the optima and the human-led Stackelberg equilibrium

(hSE, mSE) is

DH =
BH

(
h∗

Mm∗
H + h∗

Hm∗
M − (m∗

H + m∗
M −mSE)hSE − (h∗

H + h∗
M − hSE)mSE

)
(m∗

H −mSE)(m∗
M −mSE)

+ (h∗
H − hSE)(h∗

M − hSE)
(m∗

H −mSE)(m∗
M −mSE)
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and AH −BHA−1
M BM must be positive definite.531

The remaining parameter to be chosen is DM . It must satisfy the following conditions:

(AHAM −DHDM)2 − 4(AMBH −BMDH)(AHBM −BHDM) ≥ 0,

(AMBH −BMDH)(AHBM −BHDM) ̸= 0

The CCVE is determined by the solution of two quadratic equations. The policy slopes for

each agent are

LCCVE
H =

DHDM − AHAM ±
√

4(AMBH −BMDH)(BHDM − AHBM) + (AHAM −DHDM)2

2AHBM − 2BHDM

,

LCCVE
M =

DHDM − AHAM ±
√

4(AMBH −BMDH)(BHDM − AHBM) + (AHAM −DHDM)2

2AMBH − 2BMDH

,

and the actions are
[

hCCVE

mCCVE

]
=

[
AH + LCCVE

M BH BM + LCCVE
M DH

BM + LCCVE
H DH AM + LCCVE

H BM

]−1 [
bH + LCCVE

M dH

bM + LCCVE
H dM

]

The reverse Stackelberg equilibrium is determined by policy slopes

LRSE
H = h∗

H − h∗
M

m∗
H −m∗

M

, LRSE
M = −AHLRSE

H + BH

BHLRSE
H + DH

,

and actions hRSE = h∗
M , mRSE = m∗

M .532
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S3 Analysis of the quadratic game from the main paper533

This section provides mathematical statements about the two-player game (cH , cM) with534

each player having an objective to optimize the functions:535

cH(h, m) = 1
2h2 + 7

30m2 − 1
3hm + 2

15h− 22
75m + 12

125 . (1)

for the human and536

cM(h, m) = 1
2m2 + h2 − hm. (2)

for the machine. In Experiment 1, the machine optimizes its action by gradient descent. In537

Experiment 2, the machine optimizes its policy by conjectural variations. In Experiment 3,538

the machine optimizes its policy by gradient descent. In all experiments, the human updates539

its action h by making the cost cH(h, m) as small as possible.540

In this section, the three main experiments from the paper were analyzed. Outcomes541

were predicted by the equilibrium solutions of coupled optimization problems. The three542

subsections contain mathematical propositions proving statements about the three respective543

experiments. Propositions 1 and 2 apply to Experiment 1. They prove convergence to the544

unique Nash and Stackelberg equilibrium solutions. Propositions 3, 4, 5, 6 and 7 apply to545

Experiment 2. They prove that the machine can perturb its own policy to estimate the546

human’s conjectural variation, and in turn use the estimate to form a best response iteration547

that converges to a consistent conjectural variations equilibrium. Propositions 8, 10, 9, 11548

apply to Experiment 3. They prove that the machine can perturb its own policy to estimate549

its policy gradient, and in turn use the estimate to update its policy to converge to its global550

optimum. The formal definitions of the equilibrium solutions are stated in Section S1.551

A human-machine co-adaptation game is a two-player repeated game determined by two552

cost functions – one for each player. The game is played as follows: at each time step t, the553

human chooses action ht ∈ H. The machine best responds by choosing action mt ∈M. The554

human observes cost cH(ht, mt) via the interface. The next action pair (ht+1, mt+1) is chosen555

at the next time step t + 1 for a fixed number of steps T . In each of our experiments, the556

method that the machine uses to update its action is varied.557
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S3.1 Experiment 1: gradient descent in action space558

The following Proposition 1 describes the α = 0 case of Experiment 1, where the outcome559

is the unique stable Nash equilibrium of the game is (m, h) = (−1/5,−1/5). This outcome560

is observed empirically (Figure 2 of main paper).561

Proposition 1. Given a human-machine co-adaptation game determined by cost functions (1)562

and (2), if the machine’s action is m = −1/5, then the human’s best response is h = −1/5.563

Proof. From the human’s perspective, the goal was to solve the optimization problem564

min
h

cH(h, m) (18)

The second order condition of (18) is

∂2
hcH(h, m) = 1 > 0.

The first order condition of the optimization problem (18) is565

∂hcH(h, m) = h− 1
3m + 2

15 = 0. (19)

By solving for h in (19), the human’s best response to m is

h = 1
3m− 2

15 .

Solving for h gives the human’s best response h = 1
3m− 2

15 . Thus, if m = −1
5 , then h = −1

5 .566

The following Proposition 2 describes the α = 1 (or “infinity”) case of Experiment 1,567

where the outcome is the unique stable human-led Stackelberg equilibrium of the game at568

(m, h) = (1/5, 1/5). This outcome is observed empirically (Figure 2 of main paper).569

Proposition 2. Given a human-machine co-adaptation game determined by cost functions (1)570

and (2), if the machine’s policy is m = h, then the human’s best response is h = 1/5.571
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Proof. From the human’s perspective, the optimization problem is572

min
h
{cH(h, m) | m = h} (20)

The cost experienced by the human is

cH(h, h) = 2
5h2 − 4

25h + 12
125

The first order condition of (20) is

∂hcH(h, h) = 4
5h− 4

25 = 0

Solving for h gives h = 1
5 .573

Remark 1. Given a human-machine co-adaptation game determined by cost functions (1) and574

(2), if 0 < α ≤ 1 and the machine updates its action mt+1 = mt − α∂mcM(ht, mt), then575

mt+1 approaches ht as t increases. This result can be shown by writing the update as mt+1 =576

(1−α)mt+αht showing that the sequence mt, mt+1, . . . is generated by an exponential smoothing577

filter of time-varying signal ht.578

Remark 1 is observed in the 2D histograms in Figure 2 from the main paper as the579

distribution of points on the line of equality m = h for larger α values.580

S3.2 Experiment 2: conjectural variation in policy space581

In Experiment 2, the machine iterated conjectural variations in policy space. From the hu-582

mans’s perspective, the goal was to choose h to optimize cH(h, m). But how m is determined583

affects the solution of the coupled optimization problems. From the machine’s perspective,584

the goal was to choose m to optimize cM(h, m). Similarly, what h is assumed to be affects585

the machine’s response. The machine estimates the conjectural variation that describes how586

h is affected by a change in m.587

The following Proposition 3 describes the machine’s policy perturbation in Experiment588

1. The human’s response is linear in the machine’s constant perturbation δ, but non-linear589

in the machine’s policy slope L.590
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Proposition 3. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the machine’s policy is m = Lh + δ and L satisfies 7
15L2 − 2

3L + 1 > 0, then the

human’s best response is

h = 22L− 10− (35L− 25)δ
35L2 − 50L + 75

Proof. The human’s optimization problem is591

min
h
{cH(h, m) | m = Lh + δ} (21)

The second order condition of (21) is

7
15L2 − 2

3L + 1 > 0.

The first order condition of (21) is

( 7
15L2 − 2

3L + 1)h− 22
75L + 2

15 − ( 7
15LM + 1

3)δ = 0

Solving for h gives the result.592

593

The following Proposition 4 describes how the machine estimates the slope of the human’s594

policy using two points generated by perturbing the constant term of the machine’s policy.595

Proposition 4. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the machine’s policies are m = Lh and m′ = Lh′ + δ and the human best responds

with h and h′, then
h′ − h

m′ −m
= 7L− 5

5L− 15

Proof. Using Proposition 3 for h′ and h,

h′ − h = − 35L− 25
35L2 − 50L + 75δ.

Using the definitions of m′ and m,

m′ −m = L(h′ − h) + δ.
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The ratio of the differences is therefore

h′ − h

m′ −m
=

−
(

35L−25
35L2−50L+75δ

)
−L

(
35L−25

35L2−50L+75δ
)

+ δ
= 35L− 25

L(35L− 25)− (35L2 − 50L + 75) = 7L− 5
5L− 15.

596

Remark 2. In the main paper, the human’s policy slope is LH and the machine’s policy slope

is LM . For a machine policy m = Lh in Experiments 2 and 3, the relationship between these

terms are
LM = L,

LH = 7L− 5
5L− 15.

In this case, the human’s conjecture of the machine is consistent with the machine’s policy. The

equilibrium solutions are described by linear equations

m = LMh + ℓM

h = LHm + ℓH

where ℓM = 0 and ℓH = −22L−10
25L−75 .597

Remark 2 can produce the curves seen in Figure S6 as the solid-line ellipse for when H598

has a consistent conjecture about M by sweeping L along the real line.599

The following Proposition 5 describes the machine’s best response to the human adopting600

a policy based on the conjectural variation in Proposition 4.601

Proposition 5. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the human’s policy is h =
(

7L−5
5L−15

)
m+ℓ for some ℓ, then the machine’s best response

is

m = 9L + 5
2L + 10h

Proof. The machine’s optimization problem is602

min
m

{
cM(h, m) | h =

(
7L−5
5L−15

)
m + ℓ

}
. (22)

The first order condition of (22) is603

∂mcM(h, m) + ∂hcM(h, m)
(

7L−5
5L−15

)
= 0. (23)
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The second order condition is

2
(

7L−5
5L−15

)2
− 2

(
7L−5
5L−15

)
+ 1 > 0.

Taking the first order condition in (23), the equation is

m− h + (2h−m)
(

7L−5
5L−15

)
= 0

Sovling for m gives the machine’s best response

m = 9L + 5
2L + 10h

604

Remark 3. The constant term ℓ in Proposition 5 can be estimated from the joint action measure-605

ments. However, it is not necessary to do so to arrive at the optimality condition in Equation (23).606

The following Proposition 6 shows the existence of a consistent conjectural variations607

equilibrium. The equilibrium solution concept is defined in Section S1. It describes the608

situatuion where both players have consistency of actions and policies.609

Proposition 6. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), there exists two consistent conjectural variations equilibrium solutions uniquely defined

by the machine response slopes

L = −1±
√

41
4 .

Proof. Using Equations (1) and (1’) from Definition 4.10 in,10 the stationary conditions for a610

consistent conjectural variation in the policy space is611

L− L
(

7L−5
5L−15

)
+ 2

(
7L−5
5L−15

)
− 1 = 0, (24)

Simplifying the numerator of (24), the following quadratic equations defines the machine’s con-

sistent policy slope:

2L2 + L− 5 = 0.

The solution to the quadratic equation gives us the result.612
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Remark 4. The human’s policy slope can be determined by substituting in L = −1±
√

41
4 , which

results in
7L− 5
5L− 15 = 1∓

√
41

10 .

So the two consistent conjectural variational policies are

m = −1±
√

41
4 h

h = 1∓
√

41
10 m− 3 + 7

√
41

100
and the actions (m, h) that solve the linear equation.613

The following Proposition 7 shows that Experiment 2 converges to a stable equilibrium.614

Proposition 7. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the machine updates its policy using the difference equation L+ = 9L+5
2L+10 then

L∗ = −1 +
√

41
4

is a locally exponentially stable fixed point of this iteration.615

Proof. Define the map F : R→ R as616

F (L) := 9L + 5
2L + 10

(25)

To assess the convergence of Experiment 2, the fixed points of (25) are determined along with

their stability properties. The fixed point L∗ that satisfies

L∗ = F (L∗)

are determined by the solutions to the quadratic equation617

2L2 + L− 5 = 0. (26)

There are two solutions to (26) and they are real and distinct. The fixed points are

−1±
√

41
4 .
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Exactly one fixed point is stable, and it is a stable attractor of the repeated application of F .618

The stability can be determined by linearizing (25) at the particular fixed point and ensuring that619

its derivative gives a magnitude of less than one. The linearization of F at fixed point L∗ is620

F (L) ≈ ∂F (L∗)(L− L∗) (27)

where

∂F (L) = 20
(5 + L)2

If L∗ = −1+
√

41
4 , then |∂F (L∗)| ≈ 0.5 < 1, so the fixed point L∗ is stable. On the other hand, if621

L∗ = −1−
√

41
4 , then |∂F (L∗)| > 1, so the fixed point L∗ is unstable.622

For a quadratic game with single-dimensional actions, there are two consistent conjectural623

variations equilibria. One is stable, the other is unstable.624

Remark 5. Another way to assess the convergence of the fixed point map (25) is by inspecting625

the normal form of the linear fractional transformation. The normal form of (25) is626

F (L)− L∗

F (L)− L∗∗ = λ
L− L∗

L− L∗∗ (28)

where L∗ and L∗∗ are fixed points of F and λ is a real number given by627

λ = −19 +
√

41
−19−

√
41

(29)

Since |λ| ≈ 0.5 < 1, the fixed point L∗ is semi-globally stable.628

Remark 5 is a based on a known result from complex analysis and conformal mapping629

theory.630

S3.3 Experiment 3: gradient descent in policy space631

In Experiment 3, the machine implemented gradient descent in policy space. The machine632

estimated the policy gradient using cost measurements from a pair of trials. The machine’s633

cost depends on its own policy and the human’s best response to it.634

The following Proposition 8 describes the machine’s policy perturbation in Experiment635

3. The human’s action response varies non-linearly.636
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Proposition 8. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the machine’s policy is m = (L+∆)h and L, ∆ satisfy 7
15(L+∆)2− 2

3(L+∆)+1 > 0,

then the human’s best response is

h = 22(L + ∆)− 10
35(L + ∆)2 − 50(L + ∆) + 75

Proof. The human’s optimization problem is637

min
h
{cH(h, m) | m = (L + ∆)h}. (30)

The second order condition of (30) is

7
15(L + ∆)2 − 2

3(L + ∆) + 1 > 0.

The first order condition of (30) is

( 7
15(L + ∆)2 − 2

3(L + ∆) + 1)h− 22
75(L + ∆) + 2

15 = 0

Solving for h gives human’s response638

h = 22(L + ∆)− 10
35(L + ∆)2 − 50(L + ∆) + 75. (31)

639

The following Proposition 9 describes how to estimate the policy gradient using two trials

as done in Experiment 3. Suppose the machine plays policy m = Lh, then the human’s

response is given by

r(L) := 22L− 10
35L2 − 50L + 75

as determined by Proposition 3 or Proposition 8 with the perturbations set to zero.640

Proposition 9. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the machine’s policies are m = Lh and m′ = (L + ∆)h′ and the human’s best

responses are h = r(L) and h′ = r(L + ∆), then

lim
∆→0

cM(h′, m′)− cM(h, m)
∆ = DLcM(r(L), Lr(L))
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Proof. From Proposition 3, if machine’s policy is m = Lh and the human’s best response is

h = 22L− 10
35L2 − 50L + 75.

The machine’s cost written as a function of L is

cM(h, m) = cM(r(L), Lr(L)) = 1
2L2r(L)2 + r(L)2 − Lr(L)2

= 1
2(L2 − 2L + 2)r(L)2

= (L2 − 2L + 2)(22L− 10)2

2(35L2 − 50L + 75)2

The difference term is

cM(h′, m′)− cM(h, m) = cM(r(L + ∆), Lr(L + ∆))− cM(r(L), Lr(L))

Expanding out the terms, ignoring the terms of order ∆2 or higher, we have

cM(h′, m′)− cM(h, m) = ((L + ∆)2 − 2(L + ∆) + 2)(22(L + ∆)− 10)2

2(35(L + ∆)2 − 50(L + ∆) + 75)2 − (L2 − 2L + 2)(22L− 10)2

2(35L2 − 50L + 75)2

= 4(11L− 5)(2L3 + 181L2 − 380L + 305)
25(7L2 − 10L + 15)3 ∆ + (· · ·) ∆2 + · · ·

Dividing by ∆ and taking ∆ to zero gives us the same expression as directly computing the

derivative of the cost:

∂LcM(r(L), Lr(L)) = 4(11L− 5)(2L3 + 181L2 − 380L + 305)
25(7L2 − 10L + 15)3 .

Hence, we get the desired result.641

The following Proposition 10 shows that there is a unique machine-led reverse Stackelberg642

equilibrium of the game. The equilibrium solution concept is defined in Section S1. It643

describes the scenario where the leader announces a policy and the follower responds to the644

policy. In contrast, the Stackelberg equilibrium in Proposition 2 describes the scenario where645

the leader announces an action and the follower response to the action.646

Proposition 10. Given a human-machine co-adaptation game determined by cost functions (1)647

and (2), there exists a reverse Stackelberg equilibrium.648
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Proof. The machine’s global optimum solves

min
h,m

cM(h, m).

The machine’s global optimum is (h, m) = (0, 0).649

Suppose the machine’s policy is m = Lh, then the human’s optimization problem is

min
h
{cH(h, m) | m = Lh}

and the best response is

h = r(L) = 22L− 10
35L2 − 50L + 75

The machine wants to drive the human to play 0 = r(L). Hence the machine chooses L = 5/11.650

The second order condition is

7
15L2 − 2

3L + 1 > 0.

which is satisfied by L = 5/11. Hence (0, 0) is a machine-led reverse Stackelberg equilibrium.651

The following Proposition 11 shows that Experiment 3 converges to a stable equilibrium.652

Proposition 11. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the machine plays policy m = Lh and the human responds with h = r(L) and

machine’s updates its policy by gradient descent,

Lk+1 = Lk − α∂LcM(r(Lk), Lkr(Lk))

then L∗ = 5/11 is a locally exponentially stable fixed point of this iteration for all α > 0653

sufficiently small.654

Proof. The roots of ∂LcM(r(Lk), Lkr(Lk)) = 0 are determined by the solutions to a quartic655

equation656

(11L− 5)(2L3 + 181L2 − 380L + 305) = 0. (32)

There are two real solutions to (32), the first one L∗ = 5
11 can be seen by inspection, and the657

second one is, approximately, L∗∗ ≈ −92.6.658
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The stability is determined by linearizing at the particular fixed point and ensuring that the659

second derivative is positive. The linearization the derivative at root L∗
M is660

∂LcM(r(L), Lr(L)) ≈ ∂ 2
L cM(r(L∗), L∗r(L∗))(L− L∗) (33)

The second derivative ∂ 2
LM

cM ≈ 0.18 evaluated at L∗ is positive, so the fixed point L∗
M is stable.661

The second derivative evaluated at L∗∗ is negative, so the fixed point is unstable.662

S4 Interpretations of consistent conjectural variations663

In this section, interpretations of the consistency conditions with regards to conjectural664

variations are provided. They relate to partial differential equations that arise in economics665

and non-cooperative dynamic games.666

S4.1 Comparative statics667

A quintessential microeconomics tool, comparative statics (or sensitivity analysis more gen-668

erally) is a technique for comparing economic outcomes given a change in an exogenous669

parameter or intervention.11 If the expression f(x, y) = 0 defines the equilibrium conditions670

for an economy where x is an endogenous parameter (e.g., price of a product) and y is an671

exogenous parameter (e.g., demand for a product), then up to first order the change in x672

caused by a (small) change in y must satisfy ∂xf · dx + ∂yf · dy = 0, and under sufficient673

regularity, we may write dx/dy = −(∂xf)−1 · ∂yf . Comparative statics can also be applied674

to equilibrium conditions for an optimization problem.675

This is precisely how it is used here: comparative statics analysis is applied to the first-676

order optimality conditions for677

arg min
m
{cH(h, m) | m = πM(h)} (34)

wherein the machine’s action is treated as the intervention. Specifically, given an affine

policy πM(h) = LMh + ℓM and (34), we use this microeconomics analysis tool to understand

how changes in m induce changes in h that are consistent with the optimality conditions
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of (34). This leads to a process by which we derive an expression for the human’s (best-

)response in terms of the policy parameters (LM , ℓM) and the machine’s corresponding action

m. First-order optimality conditions for (34) are given by

0 = ∂hcH(h, πM(h))|πM (h)=m + ∂mcH(h, πM(h))|πM (h)=m · ∂hπM(h), (35a)

= ∂hcH(h, πM(h))|πM (h)=m + ∂mcH(h, πM(h))|πM (h)=m · LM . (35b)

Using comparative statics as described above, we have that678

0 = ∂2
hcH(h, m)dh + ∂2

hmcH(h, m)dm + (∂2
hmcH(h, m)dh + ∂2

mcH(h, m)dm)LM . (36)

Hence, we deduce that

LH := dh

dm
= −(∂2

hcH + ∂hmcH · LM)−1(∂hmcH + L⊤
M · ∂2

mcH), (37a)

= −(AH + L⊤
MBH)−1(BH + L⊤

MDH). (37b)

In Experiment 2, we will see a procedure for estimating the human’s response ĥ as a function679

of m by affinely perturbing πM(h) = LMh + ℓM . The machine then uses the estimate for the680

human’s response as its conjecture in681

arg min
m
{cM(h, m)| h = LHm + ℓH} (38)

and obtain the policy it should implement at the next level.682

683

S4.2 Order of consistency via Taylor series approximation684

Basar and Olsder10 derives different orders of consistent conjectural variations equilibrium by

taking the Taylor expansion of a conjecture to the cubic order. Let (hc, mc) be the consistent

conjectural variations equilibrium, (Lc
H , Lc

M) be the consistent conjecture policy slopes. Let

ℓc
H = hc − Lc

Hmc and ℓc
M = mc − Lc

Mhc. The first order representation of a conjecture, that

is an affine conjecture
hc ≈ Lc

Hm + ℓc
H +O(m2),

mc ≈ Lc
Mh + ℓc

M +O(h2)
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The partial differential equations that describe stationarity are

∂cH(h, m)
∂h

+ ∂cH(h, m)
∂m

· ∂(Lc
Mh + ℓc

M)
∂h

= 0, for h = Lc
Hm + ℓc

H ,

∂cM(h, m)
∂m

+ ∂cM(h, m)
∂h

· ∂(Lc
Hm + ℓc

H)
∂m

= 0, for m = Lc
Mh + ℓc

M ,

Writing what basar calls the “first-order” CCVE has stationarity conditions

∂2cH

∂h2 ·
∂(Lc

Hm+ℓc
H)

∂m
+ ∂2cH

∂h∂m

(
1 + ∂(Lc

Hm+ℓc
H)

∂m
· ∂(Lc

M h+ℓc
M )

∂h

)
+ ∂2cH

∂m2 ·
∂(Lc

M h+ℓc
M )

∂h
= 0,

∂2cM

∂m2 ·
∂(Lc

M h+ℓc
M )

∂h
+ ∂2cM

∂m∂h

(
1 + ∂(Lc

M h+ℓc
M )

∂h
· ∂(Lc

Hm+ℓc
H)

∂m

)
+ ∂2cM

∂h2 ·
∂(Lc

Hm+ℓc
H)

∂m
= 0,

with arguments at (h, m) = (hc, mc). Hence

AHLc
H + BH(1 + Lc

HLc
M) + DHLc

M = 0,

AMLc
M + BM(1 + Lc

MLc
H) + DMLc

H = 0,

Solving for Lc
H , Lc

M from the above equations gives

Lc
H = −BH + Lc

MDH

AH + Lc
MBM

,

Lc
M = −BM + Lc

HDM

AM + Lc
HBH

which shows that Lc
H , Lc

M are fixed points of the conjectural iteration.685
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Extended data sections705

The additional methods are in Section A. The details on Experiments 1, 2 and 3 are in706

Section A.1, Section A.2, and Section A.3. Numerical simulations of the adaptive algorithms707

used in Experiments 1, 2 and 3 are in Section B.6. The experiments are shown to be708

generalizable through additional experiments in Section B, where experiment parameters709

and cost structures are varied. The user study task load survey and feedback forms are710

provided in Section C.711
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A Additional Methods712

Additional experiments, whose results are reported in this Supplement but not the main

paper, were conducted with different quadratic and non-quadratic costs to demonstrate the

generality of the experiment and theory. First (Section B.1), Experiment 3 was repeated with

a different initialization of the machine’s policy: instead of initializing the machine’s policy

to m = h, it was initialized to m = 0. Next (Section B.2), Experiment 3 was repeated 9 times

with different global optima for the machine: the machine’s quadratic cost re-parameterized

as

cM(h, m) = 1
2(m−m∗

M)2 − (m−m∗
M)(h− h∗

M) + (h− h∗
H)2

with h∗
M ∈ {−0.1, 0, +0.1} and m∗

M ∈ {−0.1, 0, +0.1} to test whether the machine can drive713

the behavior to any one of a finite set of points in the joint action space, and to test whether714

the reverse-Stackelberg equilibrium (hRSE, mRSE) = (h∗
M , m∗

M) is a stable equilibrium of715

policy gradient.716

Subsequently (Section B.3), Experiments 1, 2, and 3 were repeated with non-quadratic717

cost functions in the Cobb-Douglas form (modified from the example in Section C.2 of25):718

cH(h, m) = 1− 2(1− h)0.175(h + 1.1m)0.5 (39)

was used in replicates of Experiments 1, 2, and 3;719

cM(h, m) = 1− 2(1−m)0.2(m + 1.1h)0.5 (40)

was used in replicates of Experiments 1 and 2, and720

cM(h, m) = (m−m∗
M)2 + (h− h∗

M)2 with (m∗
M , h∗

M) = (0.5, 0.5) (41)

was used in replicates of Experiment 3. Pairing cH from (39) with cM from (40) yields the

following game-theoretic equilibria in the replicates of Experiments 1 and 2:

(hNE, mNE) ≈ (0.590, 0.529),

(hSE, mSE) ≈ (0.429, 0.579),

(hc, mc) ≈ (0.392, 0.336).
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Pairing cH from (39) with cM from (41) yields the following equilibrium in the replicates of

Experiment 3:

(hRSE, mRSE) = (0.5, 0.5).

The human’s actions were constrained to [0.2, 0.8] in these replicates of the experiments721

and the manual input was accordingly normalized to this range. The machine’s actions722

were constrained to [0, 1]. Experiment-specific changes to protocol designs are described in723

subsequent subsections.724
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A.1 Experiment 1: gradient descent in action space725

Protocol S1 summarizes the procedure for Experiment 1.726

The preceding methods were modified as follows for the experiments with non-quadratic727

costs in Section B.3: the policy implemented for the case α = ∞ was m = − 77
270h + 20

27 ; the728

joint action was initialized uniformly at random in the square [0.3, 0.7]× [0.3, 0.7] ⊂ R2.729

A.2 Experiment 2: conjectural variation in policy space730

Protocol S2 summarizes the procedure for Experiment 2.731

The preceding methods were modified as follows for the experiments with non-quadratic732

costs in Section B.3: given non-quadratic cost in Cobb-Douglas form733

cM(h, m) = 1− 2(1−m)aM (m + dMh)bM (42)

where aM , bM > 0 and dM ≥ 1, the machine’s conjectural variation iteration is

LM ,k+1 = − aMdM

aM + bM + bMdMLH

, (43a)

ℓM ,k+1 = bM + bMdMLH

aM + bM + bMdMLH

. (43b)

A.3 Experiment 3: gradient descent in policy space734

Protocol S3 summarizes the procedure for Experiment 3.735

See Propositions 9 and 11 in Section S3.3 for the theoretical results on the policy gradient736

estimate and convergence.737

B Additional experimental results738

Additional experiments were conducted with different quadratic and non-quadratic costs to739

demonstrate the generality of the experimental and theoretical results.740
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B.1 Machine initialization (Experiment 3)741

To demonstrate that the outcome of the machine’s policy gradient adaptation algorithm742

does not depend on the initialization of the machine’s policy, we repeated Experiment 3743

with initial policy slope to LM = 0. Iterating policy gradient shifted the distribution of744

median action vectors for a population of human subjects to the machine’s global optimum745

(Figure S2).746

B.2 Machine optimum (Experiment 3)747

To demonstrate that the machine can drive the human action to any point in the action748

space so long as the joint action profile is stable, the three experiments were conducted with749

differing machine minima. A grid of machine minima were tested h∗
M ∈ {−0.1, 0, +0.1}750

and m∗
M ∈ {−0.1, 0, +0.1}. Iterating policy gradient descent shifted the distribution of751

median action vectors for a population of human subjects to the machine’s global optimum752

(Figure S3).753

B.3 Non-quadratic costs (Modified Experiments 1, 2, and 3)754

To demonstrate the generality of the experiments and theory, we conducted modified Exper-755

iments 1, 2 and 3 using non-quadratic costs. In Experiment 1, the distributions of median756

action vectors for a population of human subjects shifted from the Nash equilibrium at the757

slowest rate to the human-led Stackelberg equilibrium at the fastest adaptation rate (Fig-758

ure S4A). In Experiment 2, iterating the process of estimating conjectural variations shifted759

the distribution of median action vectors for a population of human subjects from the human-760

led Stackelberg equilibrium to a consistent conjectural variations equilibrium (Figure S4B).761

In Experiment 3, iterating policy gradient descent shifted the distribution of median action762

vectors for a population of human subjects to the machine’s global minimum (Figure S4C).763
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B.4 Numerical simulations764

The three experiments were numerically simulated. The results from the simulation are765

overlaid on top of the violin data plots from the main paper (Figure S5). In Experiment766

1, the simulation captures the transition from the Nash equilibrium at the slowest rate to767

the human-led Stackelberg equilibrium at the fastest rate (Figure S5A). In Experiment 2,768

the simulation captures the transition from the human-led Stackelberg equilibrium to the769

consistent conjectural variations equilibrium (Figure S5B). In Experiment 3, the simulation770

captures the transition from the human-led Stackelberg equilibrium to the machine’s global771

optimum (Figure S5C).772

B.5 Consistency vs. Pareto-optimality773

To demonstrate that the equilibrium points reached in the experiments are not Pareto-774

optimal, except for the machine’s global minimum, the sets are compared with the consistent775

conjecture conditions (Figure S6). The Pareto-optimal set of actions solve776

min
h,m

γcH(h, m) + (1− γ)cM(h, m) (44)

for γ between 0 and 1. See46 for the definition of Pareto optimality. The consistency777

conditions are satisfied when one player’s conjecture is equal to the other player’s policy778

(see Definition 4.9 of10). The data from Experiments 2 and 3 from the main paper, and779

Experiment 3 with different initialization from Section B.1 are plotted in Figure S6. The780

data overlap the curve where the human’s conjecture is consistent with the machine’s policy.781
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Results from statistical tests for Experiments 1, 2 and 3 with P -values, t-statistics, and Cohen’s d.
Experiment 1
H0: mean of initial Human action distribution is equal to hNE P = 0.20 t = +1.3 d = +0.2
H0: mean of initial Machine action distribution is equal to mNE P = 1.00 t = +0.0 d = −1.0
H0: mean of initial Human action distribution is equal to hSE P = 0.00 t = −26.9 d = −4.2 ⋆
H0: mean of initial Machine action distribution is equal to mSE P = 0.00 t = −∞ d = −∞ ⋆
H0: mean of final Human action distribution is equal to hNE P = 0.00 t = +21.2 d = +3.4 ⋆
H0: mean of final Machine action distribution is equal to mNE P = 0.00 t = +21.2 d = +3.4 ⋆
H0: mean of final Human action distribution is equal to hSE P = 0.49 t = −0.7 d = −0.1
H0: mean of final Machine action distribution is equal to mSE P = 0.49 t = −0.7 d = −0.1
Experiment 2
H0: mean of initial Human action distribution is equal to hSE P = 0.24 t = −1.2 d = −0.3
H0: mean of initial Machine action distribution is equal to mSE P = 0.24 t = −1.2 d = −0.3
H0: mean of initial Human policy distribution is equal to LSE

H P = 0.10 t = +1.7 d = +0.4
H0: mean of initial Machine policy distribution is equal to LSE

M P = 1.00 t = +0.0 d = NaN
H0: mean of initial Human action distribution is equal to hCCVE P = 0.00 t = −10.0 d = −2.3 ⋆
H0: mean of initial Machine action distribution is equal to mCCVE P = 0.00 t = −21.3 d = −4.9 ⋆
H0: mean of initial Human policy distribution is equal to LCCVE

H P = 0.00 t = +12.1 d = +2.8 ⋆
H0: mean of initial Machine policy distribution is equal to LCCVE

M P = 0.00 t = −∞ d = NaN ⋆
H0: mean of final Human action distribution is equal to hSE P = 0.00 t = +4.9 d = +1.1 ⋆
H0: mean of final Machine action distribution is equal to mSE P = 0.00 t = +7.6 d = +1.7 ⋆
H0: mean of final Human policy distribution is equal to LSE

H P = 0.00 t = −6.4 d = −1.5 ⋆
H0: mean of final Machine policy distribution is equal to LSE

M P = 0.00 t = +13.0 d = +3.0 ⋆
H0: mean of final Human action distribution is equal to hCCVE P = 0.02 t = −2.6 d = −0.6 ⋆
H0: mean of final Machine action distribution is equal to mCCVE P = 0.02 t = −2.5 d = −0.6 ⋆
H0: mean of final Human policy distribution is equal to LCCVE

H P = 0.31 t = +1.0 d = +0.2
H0: mean of final Machine policy distribution is equal to LCCVE

M P = 0.13 t = −1.6 d = −0.4
Experiment 3
H0: mean of initial Human action distribution is equal to hSE P = 0.27 t = −1.2 d = −0.4
H0: mean of initial Machine action distribution is equal to mSE P = 0.33 t = −1.0 d = −0.3
H0: mean of initial Human policy distribution is equal to LSE

H P = 1.00 t = +0.0 d = +1.0
H0: mean of initial Machine policy distribution is equal to LSE

M P = 1.00 t = +0.0 d = NaN
H0: mean of initial Machine cost distribution is equal to cSE

M P = 0.74 t = −0.3 d = −0.1
H0: mean of initial Human action distribution is equal to hRSE P = 0.00 t = +7.9 d = +2.6 ⋆
H0: mean of initial Machine action distribution is equal to mRSE P = 0.00 t = +8.4 d = +2.8 ⋆
H0: mean of initial Human policy distribution is equal to LRSE

H P = 0.00 t = −∞ d = −∞ ⋆
H0: mean of initial Machine policy distribution is equal to LRSE

M P = 0.00 t = +∞ d = NaN ⋆
H0: mean of initial Machine cost distribution is equal to cRSE

M P = 0.00 t = +7.7 d = +2.6 ⋆
H0: mean of final Human action distribution is equal to hSE P = 0.00 t = −7.5 d = −2.5 ⋆
H0: mean of final Machine action distribution is equal to mSE P = 0.00 t = −11.9 d = −4.0 ⋆
H0: mean of final Human policy distribution is equal to LSE

H P = 0.00 t = +22.9 d = +7.6 ⋆
H0: mean of final Machine policy distribution is equal to LSE

M P = 0.00 t = −19.4 d = −6.5 ⋆
H0: mean of final Machine cost distribution is equal to cSE

M P = 0.00 t = −6.3 d = −2.1 ⋆
H0: mean of final Human action distribution is equal to hRSE P = 0.07 t = +2.1 d = +0.7
H0: mean of final Machine action distribution is equal to mRSE P = 0.06 t = +2.1 d = +0.7
H0: mean of final Human policy distribution is equal to LRSE

H P = 0.01 t = −3.1 d = −1.0 ⋆
H0: mean of final Machine policy distribution is equal to LRSE

M P = 0.01 t = +3.3 d = +1.1 ⋆
H0: mean of final Machine cost distribution is equal to cRSE

M P = 0.07 t = +1.7 d = +0.6

Table S1: Null hypotheses and exact values of statistics for t-tests used in Experiments 1, 2 and 3 (P -values, t statistic, and Cohen’s
d effect size). All tests have degrees of freedom equal to 19. Statistical significance (∗) determined by comparing P -value with
confidence threshold 0.05. Tests on actions and policies are 2-sided, tests on costs are 1-sided. The bold rows are outcomes predicted
by the game theory analysis.
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repeat :
pick adaptation rate α and sign s randomly
initialize actions h0, m0 randomly
for t in {1, . . . , T}:

ht = s* get_manual_input (t)
display_cost (cH(ht, mt))
if α = 0:

mt+1 = mNE

else if 0 < α <∞:
mt+1 = mt − α∂mcM (ht, mt)

else if α =∞:
mt+1 = LM ,0ht + ℓM ,0

782

Protocol S1: Algorithm description of Experiment 1.783

function run trial(LM , ℓM ):
initialize h0 randomly
for t in {1, . . . , T}:

ht =get_manual_input (t)
mt = LM ht + ℓM

display_cost (cH(ht, mt))
return median of ht and mt

initialize LM ,0 and ℓM ,0
for k in {0, . . . , K − 1}:

(h̃, m̃)← run trial(LM ,k, ℓM ,k ):
(h̃′, m̃′)← run trial(LM ,k, ℓM ,k + δ):
L̃H,k+1 = (h̃′ − h̃)/(m̃′ − m̃)
LM ,k+1 = −(BM + L̃H,k+1DM )/(AM + L̃H,k+1BM )
ℓM ,k+1 = −(bM + L̃H,k+1dM )/(AM + L̃H,k+1BM )

end experiment

784

785

Protocol S2: Algorithm description of Experiment 2.786

function run trial(LM , h∗
M , m∗

M ):
initialize h0 randomly
for t in {1, . . . , T}:

ht =get_manual_input (t)
mt = LM (ht − h∗

M ) + m∗
M

display_cost (cH(ht, mt))
return median of cM (ht, mt)

initialize LM ,0 and (m∗
M , h∗

M )
for k in {0, . . . , K − 1}:

c̃M ← run trial(LM ,k, h∗
M , m∗

M )
c̃M

′ ← run trial(LM ,k + ∆, h∗
M , m∗

M )

grad_M = (c̃M

′
− c̃M )/∆

LM ,k+1 = LM ,k − γ∗grad_M
end experiment

787

788

Protocol S3: Algorithm description of Experiment 3.789
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Experiment 1
machine plays action m,
observes human action h,
updates action to descend gradient in action space:
m+ = m − α∂mcM (h,m)

Experiment 2
machine plays affine policy m = LMh,
perturbs policy’s constant term m = LMh + δ,
estimates conjectural variation h ≈ L̃Hm,
updates policy to best-respond to estimated conjecture

b
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d

H’s global optimum

consistent conjectural variations equilibrium
M’s best-response to h

M’s global optimum

H’s best-response to M’s best-response
Stackelberg equilibrium
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effect of M’s strategyH’s affine policyM’s affine policy
H’s perturbed policyM’s perturbed policy

H’s best-response to m

Experiment 1

Figure S1: Overview of co-adaptation experiment between human and machine. Human subject H is instructed to provide manual
input h to make a black bar on a computer display as small as possible. The machine M has its own prescribed cost cM chosen to yield
game-theoretic equilibria that are distinct from each other and from each player’s global optima. (a) Joint action space illustrating
game-theoretic equilibria and response functions determined from the costs prescribed to human and machine: global optima defined
by minimizing with respect to both variables; best-response functions defined by fixing one variable and minimizing with respect to
the other. Machine plays different strategies in three experiments: (b) gradient descent in Experiment 1 ; (c) conjectural variation in
Experiment 2 ; (d) policy gradient descent in Experiment 3.
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human H machine M

H = [−1, 1] ⊂ R M = R player action spaces
h ∈ H m ∈M player actions

cH : H×M→ R cM : H×M→ R player costs

Table S2: Symbols and terminology for the co-adaptation game between human and machine.

Symbol Description
T > 0 time horizon
t ∈ {0, 1, . . . , T} time (discrete steps)
ht ∈ H = [−1, 1] H’s action at time t
mt ∈M = R M ’s action at time t
cH(ht, mt) ∈ R H’s cost at time t
cM (ht, mt) ∈ R M ’s cost at time t

Experiment 1:
α ∈ [0,∞] M ’s adaptation rate
∂mcM (h, m) ∈ R derivative of M ’s cost with respect to m
LM ,0(·) + ℓM ,0 ∈ R→ R M ’s Nash policy
(hNE, mNE) ∈ H ×M Nash equilibrium
(hSE, mSE) ∈ H ×M human-led Stackelberg equilibrium
Experiment 2:
k ∈ {0, . . . , K} conjectural variation iteration
δ ∈ R perturbation to constant term of M ’s policy
L̃H,k ∈ R M ’s estimate of H’s policy slope at iteration k
LM ,k(·) + ℓM ,k ∈ R→ R M ’s policy at iteration k
(hCCVE, mCCVE) ∈ H ×M consistent conjectural variations equilibrium
Experiment 3:
k ∈ {0, . . . , K} policy gradient iteration
∆ ∈ R perturbation to slope term of M ’s policy
∂LM

c̃M (LM ) ∈ R M ’s policy gradient estimate
LM ,k(·) + ℓM ,k ∈ R→ R M ’s policy at iteration k
(hRSE, mRSE) ∈ H ×M machine-led reverse Stackelberg equilibrium
(h∗

M , m∗
M ) ∈ H ×M M ’s global minimum

Table S3: Symbols and terminology for the game used in the three experiments.
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B.6 Numerical simulations790

To provide simple descriptive models for the outcomes observed in each of the three Experi-791

ments, numerical simulations were implemented using Python 3.8.47 The shared parameter,792

cost and gradient definitions are included in Sourcecode S0.793

Experiment 1 To predict what happens in the range of adaptation rates between the two794

limiting cases (i.e. for 0 < α <∞), a simulation of the human’s behavior was implemented795

based on approximate gradient descent. The model of the human simply uses finite differ-796

ences to estimate the derivative of its cost (cH) with respect to its action (h) and then adapts797

its action to descend this cost gradient. Importantly, it is assumed that the human performs798

these derivative estimation and gradient descent procedures slower than the machine, i.e. the799

human takes one gradient step for every K machine steps. Since the machine’s steps occur800

at a rate of 60 samples per second, this timescale difference corresponds to the human taking801

steps at a rate of 60/K samples per second. The Python code for simulating Experiment 1802

is included in Sourcecode S1.803

Experiment 2 To predict what happens when the machine perturbs the constant term of804

its policy and uses the outcome to estimate of the human’s policy slope, a simulation of805

their behavior was implemented based on the conjectural variations iteration. The machine806

best responds to the human’s policy. The model of the human uses the derivative of its cost807

(cH) assuming that the machine’s action (m) is related to its own action (h) by conjectural808

variation (LM ,k) and then adapts its action to descent this cost gradient. It is assumed809

that the machine observes the human and machine’s actions to compute the estimate of the810

human’s policy slope (L̃H,k). The Python code for simulating Experiment 2 is included in811

Sourcecode S2.812

Experiment 3 To predict what happens when the machine perturbs the linear term of its813

policy, a simulation was implemented based on policy gradient. The model of the human814
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is the same as the previous simulation of Experiment 2. The machine uses the gradient815

estimate of the observed cost, and does not require observe the human’s action or policy as816

was required in the previous experiment. The Python code for simulating Experiment 3 is817

included in Sourcecode S3.818

819
T = 10000 # time samples820

821
# human ’s cost parameters822
AH , BH , DH , hH , mH = 1, -1/3, 7/15 , 1/10 , 7/10823

824
# machine ’s cost parameters825
AM , BM , DM , hM , mM = 1, -1, 2, 0, 0826

827
def cost_H (h, m): # H’s cost828

return AH *(h-hH )**2/2 + (h-hH )* BH *(m-mH) + DH *(m-mH )**2/2829
830

def cost_M (h, m): # M’s cost831
return AM *(m-mM )**2/2 + (h-hM )* BM *(m-mM) + DM *(h-hM )**2/2832

833
def grad_H (h, m, LM ): # H’s gradient834

return AH *(h-hH) + BH *(m-mH) + LM *( BH *(h-hH) + DH *(m-mH ))835
836

def grad_M (h, m, LH ): # M’s gradient837
return AM *(m-mM) + BM *(h-hM) + LH *( BH *(h-hH) + DH *(m-mH ))838

839
def ceil(x):840

return int(x) if int(x)==x else int(x+1)841842

Sourcecode S0: Definitions of parameters, cost functions and gradients of the two players.843

844
# machine ’s adaptation rates845
alphas = [3*10**( i/10) for i in range ( -29 , -9)]846
beta = 0.003 # human ’s adaptation rate ( assumed )847
delta = 1e -5 # perturbation size of constant term of H’s policy848

849
results = []850
for alpha in alphas :851

K = ceil( alpha /beta) # ratio of M iterations to H iterations852
N = ceil(T/K)*K+1 # number of total iterations853
h,m = [0]*N, [0]*N # initialize actions854

855
for t in range (0, T, K): # gradient descent loop856

c_H = [] # H’s observed cost857
858

for d in [delta , 0]:859
860

for k in range (t, t+K):861
# perturb H’s action862
h[k] = h[t] + d863
# update M’s action864
m[k+1] = m[k] - alpha * grad_M (h[k],m[k] ,0)865

c_H. append ( cost_H (h[k],m[k]))866
867

gradH = (c_H [0] - c_H [1])/2/ delta # estimate H’s gradient868
869

h[t+K] = h[t] - K*beta* gradH # update H’s action870
m[t+K] = m[k+1]871

results . append ([h[-1],m[ -1]])872873

Sourcecode S1: Numerical simulation of Experiment 1.874
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875
K = 10 # total conjectural variations iterations876
delta = 1e -1 # perturbation size (of constant term of M’s policy )877

878
h,m = [0]*( K*T+1) , [0]*( K*T+1) # initialize actions879
LH ,LM = [0]*( K+1) , [0]*( K+1) # initialize policy slopes880
LM [0] = -BM/AM # initialize M’s policy881

882
# conjectural variations iteration loop883
for k in range (K):884

h_ , m_ = [], [] # steady state actions885
886

for d in [delta ,0]: # run a pair of trials887
888

for t in range (k*T, k*T + T):889
# update H’s action890
h[t+1] = h[t] - beta* grad_H (h[t], m[t], LM[k])891
# update M’s action892
m[t+1] = LM[k]*(h[t]-hM) + mM + d893

894
h_. append (h[t+1])895
m_. append (m[t+1])896

897
# estimate H’s policy slope898
LH[k+1] = (h_ [1] - h_ [0])/( m_ [1] - m_ [0])899

900
# update M’s policy slope901
LM[k+1] = -(BM + LH[k+1]* DM )/( AM + LH[k+1]* BM)902903

Sourcecode S2: Numerical simulation of Experiment 2.904

905
K = 10 # total policy gradient iterations906
Delta = 1e -1 # perturbation size (of slope term of M’s policy )907
beta = 3e -3 # human ’s learning rate908
gamma = 2 # policy gradient step size909

910
# initialize actions and policies911
h,m = [0]*( K*T+1) , [0]*( K*T+1) # initialize actions912
LH ,LM = [0]*( K+1) , [0]*( K+1) # initialize policy slopes913
LM [0] = -BM/AM914

915
# policy gradient loop916
for k in range (K):917

c_M = [] # M’s steady state cost918
919

for D in [Delta , 0]: # run pair of trials920
921

for t in range (k*T, k*T+T):922
# update H’s action923
h[t+1] = h[t] - beta* grad_H (h[t], m[t], LM[k] + D)924
# update M’s action925
m[t+1] = (LM[k] + D)*(h[t] - hM) + mM926

927
c_M. append ( cost_H (h[t],m[t]))928

929
# estimate M’s policy gradient930
gradM = (c_M [0] - c_M [1])/ Delta /2931

932
# update M’s policy slope933
LM[k+1] = LM[k] - gamma * gradM934935

Sourcecode S3: Numerical simulation of Experiment 3.936
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C Task load survey and feedback forms937

Each participant filled out a task load survey and optional feedback form upon finishing an938

experiment.939

C.1 Task load survey940

The NASA Task Load Index39 was used to assess participant’s mental, physical, and temporal941

demand while performing the task. The questions asked are:942

1. Mental Demand: How mentally demanding was the task?943

Very Low (-10) – Very High (10)944

2. Physical Demand: How physically demanding was the task?945

Very Low (-10) – Very High (10)946

3. Temporal Demand: How hurried or rushed was the pace of the task?947

Very Low (-10) – Very High (10)948

4. Performance: How successful were you in accomplishing what you were asked to do?949

Perfect (-10) – Failure (10)950

5. Effort: How hard did you have to work to accomplish your level of performance?951

Very Low (-10) – Very High (10)952

6. Frustration: How insecure, discouraged, irritated, stressed, and annoyed were you?953

Very Low (-10) – Very High (10)954

Table S4 provides the data from the survey for all participants.955

25% quartile median 75% quartile
Mental Demand -8 -5 0
Physical Demand -9 -6 -2
Temporal Demand -8 -5 -1
Performance -9 -6 -2
Effort -6 -2 3
Frustration -9 -4 2

Table S4: Results from the task load survey for three experiments under two game costs with 20 participants per experiment, totalling
120 participants.
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C.2 Optional Feedback956

Additional feedback was optionally provided by participants.957

Any feedback? Let us know here: [Text box]958

Table S5 provides the feedback submitted by participants.959

Experiment Feedback
Experiment 1 (quadratic) None, keep up the good work and thank you for the oportunity :)
Experiment 1 (quadratic) cool test
Experiment 1 (quadratic) I think that the study was very different from other studies I have taken

in Prolific. More challenging too.
Experiment 1 (quadratic) Everything was fine!!
Experiment 1 (quadratic) The ”keep this small task” was abusable if you kept your cursor still.
Experiment 1 (quadratic) Everything worked perfectly, thanks for inviting me!
Experiment 2 (quadratic) No
Experiment 2 (quadratic) The experiment was interesting, it was a bit frustrating when the option

to fill the block moved too fast before i could do it accordingly
Experiment 2 (quadratic) N/A
Experiment 2 (quadratic) In my opinion the task was easy\r\n
Experiment 2 (quadratic) It was an interesting task! thank you
Experiment 3 (quadratic) It was an interesting study that I would love to partake in again
Experiment 3 (quadratic) NA
Experiment 3 (quadratic) I liked the task
Experiment 3 (quadratic) The survey was easy, it just required focus.
Experiment 3 (quadratic) too much time needed for the task
Experiment 1 (non-quadratic) I think that human’s eye is
Experiment 1 (non-quadratic) The study was okay, but a bit slow.
Experiment 1 (non-quadratic) It Would been better, if it was more detail in explaining and to be able

to lick when you have the box at the smallest size possible, thanks once
again for the study

Experiment 1 (non-quadratic) this gave me anxity but it was good
Experiment 2 (non-quadratic) Maybe some instructions would be nice
Experiment 2 (non-quadratic) I didn’t understand the aim of the study, but it’s always nice to play
Experiment 2 (non-quadratic) No feedback
Experiment 2 (non-quadratic) Everything was perfect.
Experiment 2 (non-quadratic) NA
Experiment 2 (non-quadratic) not sure why the waiting time for the next task during the 20 exercises

but it was good
Experiment 2 (non-quadratic) At first i didn’t notice that the breaks were timed, made me fail couple

tasks.
Experiment 3 (non-quadratic) Either instructions were unclear or the time between tasks was WAY too

long. Unless that was part of the study.. :O

Table S5: Written feedback from participants. Optionally provided.
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Figure S2: Experiment 3 with different initial policy (n = 20): gradient descent in policy space
for a different initial machine policy. (A) Game-theoretic equilibria and best-response functions. (B)
Decision vector distributions. (C) Cost distributions. (D) Machine policy slopes. (E) Estimation error
of machine policy gradients. Action IQR in (B) contains the machine’s minimum at each iteration 4 to
9. Machine’s policy slope distribution IQR in (D) reaches the theoretically-predicted slope that would
yield the machine’s minimum as the game outcome. The machine’s policy gradient IQR in (E) contains
the theoretical gradient at every policy gradient iteration.
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Figure S3: Experiment 3 with different machine optima (n = 18): gradient descent in policy space
for differing machine optima. (A) Game-theoretic equilibria and best-response functions. (B) Decision
vector distributions. (C) Cost distributions. (D) Machine policy slopes. (E) Estimation error of machine
policy gradients. Action IQR in (B) contains the machine’s minimum at each iteration 7 to 9. Machine’s
policy slope distribution IQR in (D) approaches the theoretically-predicted slope that would yield the
machine’s minimum as the game outcome.
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